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Paving ATTENTION TO

composing (physically or mentally
combining shapes to make different
shapes, such as two triangles
joining to make a rectangle)

navigating and wayfinding orienting using non-verbal reasoning
scaling up or down (imagining creating and reading maps,
objects or amounts as using proportional reasoning graphs, and other visual Image linked to
proportionally larger or smaller) forms of data

document

moving one's body in space locating objects and remembering
locations of objects
visualizing

decomposing (physically or mentally
taking shapes apart, which involves seeing
the shapes that may be embedded
in other shapes, such as bisecting a
rectangle to make two triangles)

perspective-taking (considering
the perspective of someone who is in
a different location, such as how
his or her view of an object
might be different from your own)

manipulating objects
creating or designing objects

imagining objects moving in space
(mental rotation and transformations)
shifting dimension (seeing connections
between three-dimensional figures
and two-dimensional representations) comparing objects

diagramming (for example, representing a three-dimensional
object on a two-dimensional surface, or representing a process,
such as a flow chart, which requires abstract visualization)


http://www.edu.gov.on.ca/eng/literacynumeracy/LNSPayingAttention.pdf
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Reasons to Pay Attention to Spatial Reasoning in Mathematics:
1. Research:

A Spatial thinking is critical to mathematical thinking
A Spatial ability can be improved
A Gender, socieeconomic and learning issues

Why s Spatial Reasoning Important?

“Research on spatial reasoning substantiates the critical importance of spatial reasoning
abilities in geometry, measurement and problem solving both early in students’ mathematics

experiences as well as later in high school and beyond, especially in STEM areas.”

(Shumway, 2013, p. 50)
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Reasons to Pay Attention to Spatial Reasoning in Mathematics:
2.Using Spatial Visualisation and Manipulatives can and stimula
student engagement, thinking and promote skills & understandi

wconceptual understanding
comprehension of mathematical
concepts, operations, and relations

MATHEMATICS

SYLLABUS

OUNDATION, ORDINARY & HIGHER LEVEL




Reasons to Pay Attention to Spatial Reasoning in Mathematics:

3. Our Syllabi
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mathematics at Leaving Certificate should be approached i
Iy SELJX 2N} G42NEB | yRX O2yailNU:

MATHEMATICS

SYLLABUS
N, ORDINARY & HI

§\fMathematics Is composed of multiple but interrelated and

Junior Cycle interdependent concepts and structures which students can
SRRREESS F LI @ 0Se2yR GKS YIFOKSYI GA O3

NCCA Primary school... Mathematics education seeksnable
T : learners to think and communicatquantitatively andspatially,
solve problems...




& Think !

Which areas of
Mathematics are Spatial?
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Reasons to Pay Attention to Spatial Reasoning in Mathematics:

4. Mathematics is a Spatial Discipline

Number Sense and Numeration: The number line can be an effective tool in fostering students’ number
sense. Whether students are being introduced to ideas about whole numbers or rational numbers, the
number line provides a useful spatial representation of quantities and their various relationships.

I I
0 10

For example, in answering the question, “ Where does 5 belong on the number line?” students must pay
attention to both the end points to determine the amount of space each number occupies. Other number
line activities include providing students with benchmarks along the number line. For example, where
does the number 13 belong on the number line below?

I I I
0 10 20

Was the benchmark 10 helpful? How did it help with your reasoning?

e Argand diagram?
3 4 5 11



Reasons to Pay Attention to Spatial Reasoning in Mathematics:

4. Mathematics is a Spatial Discipline

Measurement: Measurement activities present a range of learning opportunities that require and
engage spatial thinking.

i ‘@

0

2 3 4 5 6

How long is the school bus?

A B

What shape takes up more blue space?

12




Reasons to Pay Attention to Spatial Reasoning in Mathematics:

4. Mathematics is a Spatial Discipline

Seeing the Pythagorean Theorem: In this activity, students are asked to find and record the area
derived from squaring the three sides of the right-angle triangles.

oo L o The right-angled triangle ABC is shown in the diagram below.
A C The square BDEC is placed on the hypotenuse of this triangle.

The area of the triangle ABC is 12a? square units, where a € R.
The length of the side [4B] is 6a units.

E

Area=12q2

ba

Find the area of the square BDEC, in terms of a’.

13



Reasons to Pay Attention to Spatial Reasoning in Mathematics:

4. Mathematics is a Spatial Discipline

Geometry and Spatial Sense: Geometry and spatial sense can be enhanced through puzzles and games.
Beginning in the early years and continuing through all the grades, puzzles offer extensive opportunities
to engage students’ spatial thinking skills. Tangrams and pentominoes are two examples of materials
that lend themselves to a variety of puzzle-like games and activities that develop skills, such as composing
or decomposing shapes, transformational geometry (flips, transformations, rotations), visualization and
congruence.

Using sets of five square tiles, how many unique pentomino configurations can you make? Note: A pentomino

is a geometric figure formed by joining five equal squares edge to edge (see above example). y



Reasons to Pay Attention to Spatial Reasoning in Mathematics:

4. Mathematics is a Spatial Discipline

Visualizing Similar Triangles: The task on the left requires both a rotation and a reflection to disembed
the two triangles, align the corresponding sides and angles, and be able to determine similarity. The task

on the right requires students to determine equivalent angles and then rotate the triangles to align the
corresponding sides and determine the unknown side length.

[dentify two triangles that are similar. Justify how you know.
J

In the diagram below, |4MNP| = |4PR_Q| .

N

0

(i) Prove that AMNP and A QRP are similar.

15



Reasons to Pay Attention to Spatial Reasoning in Mathematics:
4. Mathematics is a Spatial Discipline

Establishing Trigonometric Equations: Constructing diagrams is an essential strategy for setting up
and solving trigonometric equations.

Samantha is standing at the top of a lighthouse on top of a cliff and sees a boat anchored offshore.
She measures the angle of depression to be 38°. She descends the lighthouse and measures the angle
of depression to the boat to be 25°. The lighthouse is 49 m tall. How far is the boat from the base of
the cliff?




Reasons to Pay Attention to Spatial Reasoning in Mathematics:

4. Mathematics is a Spatial Discipline

Patterning and Algebra: Early patterning experiences require both visual-spatial and numerical reasoning.
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Reasons to Pay Attention to Spatial Reasoning in Mathematics:

4. Mathematics is a Spatial Discipline

Creating a Quadratic Equation to Represent a Mathematical Context: Intermediate and senior
students are required to create mathematics equations that represent complex mathematical situations.

John wants to build an open-top condenser pan for making maple syrup by cutting a square with a side
length of two feet out of each corner of a rectangular piece of steel and folding up the sides. To make it
stable, John wants the length of the pan to be four feet longer than the width. If the volume of the pan
must be 64 cubic feet, how large should his piece of steel be?

Elaine writes down the length and width of the plot in terms of x.
She multiplies these and sets the answer equal to the total area of the plot.
2, (c) Write, in terms of x, the length and the width of the plot in the spaces on Elaine’s diagram.
TR > (d) Write down and simplify the equation that Elaine should
2 7 X -+ 4 : get. Give your answer in the form ax’ +bx+e=0. Width = I:l
E A A
/
ssaasanse ¥
i x |t gm X
10 m
3 Y
Equation: ¥
Elaine’s Diagram
(e) Solve an equation to find the width of the path.

18



Reasons to Pay Attention to Spatial Reasoning in Mathematics:

4. Mathematics is a Spatial Discipline

Graphing: Graphs of all kinds allow us to create visual displays of data. In the primary grades, this includes
concrete graphs, pictographs and bar graphs. We can also graph algebraic expressions to show linear
growing patterns. Graphs allow us to see the shape of our data and explore changes and rates of growth.

o el I Y Quadratic Graphs — Bargraphs Histograms
o B _
ntercept ) Z
| .: Ay : I E‘rﬁi % 20
3 gradient 3 3 G k5
o4 g
wv ] ! =
3 * 5 . C 0
aQ 2 3 4 3 -
g T 3,
o Py STe Parallel lines have = e —
:) ] the same gradient. | |
e g & Line graphs Pie Charts
e icular lines S dwmg—
have gradients with §
a product of -1.

Trigonometric Graphs -

o JYE C0sX]

Cubic Graphs
Frequency

v
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Reasons to Pay Attention to Spatial Reasoning in Mathematics:

4. Mathematics is a Spatial Discipline

Understanding Rates of Change: Students need to visualize the W

movement of point B along the graph of the function while simultaneously |
visualizing the corresponding change to the slope of the secant. They also U1 T ]
need to establish the trend in the change of the slope of the secant as | | ""B |
point B continues to move closer to point A, and they must connect this |
to the numeric value of the slope. This visualization will allow students
to transition to the algebraic representation of this relationship.

Imagine point B moving along f(x), approaching point A. How is the slope
of the secant line AB changing? What is the slope of AB when point B is
exactly on top of point A?

\ /
'».\, z S ! - -
\ / ‘e

Using the same diagram, draw a rough sketch of how The World's Fastest Ma n Finding the Derivative using First Principles

the height of water in these containers changes with
respect to time as they are being filled up. They both Sfla+h)- f(a)
are of the same height and are being filled at the h
fla+h) - f(a)

same rate.
‘;L A, .

- )

Container A Container B Q

Average Rate of Change =

Instantancous Rate of Change = lim*
=0

20



Leaving Certificate HL 2010

| (a) A circle with centre (3, —4) passes through the point (7, - 3).
Find the equation of the circle.

(b) (i) Find the centre and radius of the circle x* + y*> —8x—10y +32 =0.

(i) The line 3x+4y+k =0 1s a tangent to the circle x? + y2 —8x-10y+32=0.
Find the two possible values of .

(c) A circle has the line y = 2x as a tangent at the point (2,4). The circle also passes
through the point (4, —2). Find the equation of the circle.




Leaving Certificate Project Maths HL 2014

(b) The triangle ABC is right-angled at C

The circle s has diameter [4C) and the
circle 1 has diameter [CB]

Question 9 (60 marks)

(a) The diagram shows 2 circular elock face, with the
hands not shown, The square part of the clock face
is plass so that the mechanism 1S visible. Two
circular cogs, h and k, which touch externally are

shown.

(i) Draw the circle u which has
diameter | AB |-

The point C is the centre of the clock face. The
point D is the centre of the larger ¢og. h, and the
point E is the centre of the gmaller cog, k.

9

{iy In suitable co-ordinates, the equation of the
circle fiis
X2yl +dxsby-19= 0.
Find the radius of b, and the co-ordinates
of its centre, D.

(ii) Prove that in any right-angles wriangle ABC, the area of the circle u equals the sum of the

areas of the circles and f.

which ma, .
ps the midpoi
fe equation of the cl‘ll‘."]e’ft of LDE] to the point C maps the circl
- circle &

(i) The point E has co-ordinates (3, 2). Find the radius of the circle k.

() The g
¢ diagram
! : show:
Hght-angled 1r; "y
angled i,
! ngl, "
Ts of the circlcsgr Crajf; e
s G
Each of '
diﬂ:_"l'dnt; ?‘}i"fﬁﬂ"icu ﬁmas ju thc
arens ed a lune, 4
e ent-shaped areq h: .
¥ s of the pirfpg ed

Proy,

N s(uf:r that the gy, of th,
b 'Lll“-';.: shaded lunes
0 the areq of fhe
i & are of the INiangle

'

Wside length /| Find (he
t ! such that the two cogs,
e through the glass. =7

¢ dreas

(iii) Show that the distance from C(-2,2) 1© the line DE is half the Jength of [DE].




Reasons to Pay Attention to Spatial Reasoning in Mathematics:

5. Examinations

A group of people was asked which of four brands of cola (A, B, C, or D) each liked best.
The results are shown in the bar chart below.

1R

School finishes at 16:10.

(iii) Show this time on the clock.

0 l ] [ .
A B C D
Brand of Cola

A\ T AALW WAL VY AL LALAW WUF WAL LEAEESELW Y WSL 44 LALANE L,




Reasons to Pay Attention to Spatial Reasoning in Mathematics:
5. Examinations

water tank shown in the photograph on the
right.

( ; t & I e t Question 13 (Suggested maximum time: 20 minutes)
e O I I l e ry rlg O n O I I I e ry Miriam is trying to find the volume of the

She takes some measurements and draws a
diagram. Part of her diagram is shown below.

o ) ) ) o ) Water Tank
In engineering, a crank-and-slider mechanism can be used to change circular motion into motion

back and forth in a straight line.

slider

Diagram
In the diagrams below, the crank [OD] rotates about the fixed point O. The point C slides back and
forth in a horizontal line. [CD] is the rod that connects C to the crank. The diagrams below show (a) Using the diagram, find the valuc of x.
three of the possible positions for Cand D. |OD| = 10 cm and |DC| = 30 cm. Give your answer in metres, correct to
two decimal places. et
Diagram 1 Diagram 2 Diagram 3
(Starting position)
D P, O, R, and § are points on a circle with centre O.

|LPR.S| =32 as shown.

(i) Find |£50F|.

(a) The diagram below shows a particular position of the mechanism with |£DCO| = 15°.
Find | £C0OD|, correct to the nearest degree.

-
A

a, ffl/- 5=

[
Flgure 1 Flgure 2

Conor's property

Conor's praperty is baunded by the sraight ank ol @ river, 20 shown in Figure 1 aboes,
s2 of a vertical tree that is prowing near the sopesite bank of the river.
of the tree, a5 show gure 2 above.
which Is due west of the free, the angle of elevatian of £, the top of the trae, 13 607
14 m due narth of ] tae anghe of alevatan of 7 is 30° (see Figure 2).
The land on aoth he river is Flat and at the same level.

Uz triangle £C7; to expezss |15 in the form 7| CT | metres, where @ © &,




Reasons to Pay Attention to Spatial Reasoning in Mathematics:
5. Examinations

The diagram below shows part of the frame of a swing on a co-ordinate grid.
Each unit on the grid represents one metre.
The line segments [ AB] and [ AC] represent metal bars.

Ay

A

Coordinate Geometry

(i)  Write the co-ordinates of the points 4, B, and C in the spaces provided in the diagram.

(i) Find the total length of metal bar needed to make this part of the swing.
Give your answer in metres, correct to one decimal place.

Two circles s and ¢ touch internally at B, as shown.
(a) The equation of the circle s is

(x=1)* +(y+6)° =360.
Write down the co-ordinates of the centre of s.

Centre:

Write down the radius of s in the form a\/m , Where

Radius:

The point K is the centre of circle c.

The radius of ¢ is one-third the radius of s.
The co-ordinates of B are (7, 12).

Find the co-ordinates of K.




Reasons to Pay Attention to Spatial Reasoning in Mathematics:
5. Examinations

Statistics and Probability

The diagram shows the standard normal curve. The shaded area represents 67% of the data.
Find the value of z;.

e two charts be ¢ from a report about mortgages in Ireland. The charts are intended to
illustrate the connection, if any, between the percentage of mortgages that are in arrears and the
interest rates being charged for mortgages. Each dot on the charts represents a group of people
paying a particular interest rate to a particular lender. The arrears rate is the percentage in arrears.

7 . - - -a
September 2009 September 2011

Maire is interested in the relationships between the athletes’ performance in the three different
events. She produces the following three scatter diagrams.

interest

]
o
]
£

Cycle vs. Swim Run vs. Swim Run vs. Cycle
0 day arrears r:
balance 011, owner

in et al. Var

run time
[ ] w
13

the arrears rate

20 25 k 35 40 45 50

swimtime swimtime cycletime

(b) Give a brief summary of the relationship between performance in the different events, based

on the scatter diagrams.




Reasons to Pay Attention to Spatial Reasoning in Mathematics:
5. Examinations

Algebra

The diagram below shows the first 4 steps of an infinite pattern which creates the Sierpinski
Triangle. The sequence begins with a black equilateral triangle. Each step is formed by removing
an equilateral triangle from the centre of each black triangle in the previous step, as shown. Each
Question 8 (Suggested maximum time: 15 minutes) equilateral triangle that is removed is formed by joining the midpoints of the sides of a black

. . . triangle from the previous step.
John makes a sequence where each stage is made up of a certain number of Xs arranged in a

pattern. The first three stages of John’s sequence are shown below.
The sequence starts at stage 0. Ak
AL
A
AAAA

Step 0 Step1 Step 2 Step 3

X
X

X
XXX‘ ‘X‘XXXlX‘ ‘X‘X‘X x‘xlx‘

(a) The table below shows the number of black triangles at each of the first 4 steps and the
fraction of the original triangle remaining at each step. Complete the table.

Stage 0 Stage 1 Stage 2 Step

, Number of black triangles
(a) Draw the next stage of John's sequence. 1ang

Fraction of the original
At the first stage of a pattern, a point moves 4 units from the origin in the positive direction triangle remaining
along the x-axis. For the second stage, it turns left and moves 2 units parallel to the y-axis. For
the third stage, it turns left and moves | unit parallel to the x-axis.
At each stage, after the first one, the point turns left and moves half the distance of the previous A square with sides of length 10 units is shown in the diagram. A point 4 is chosen on a diagonal
stage, as shown. of the square, and two shaded squares are constructed as shown. By choosing different positions

' for A, it is possible to change the value of the total area of the two shaded squares.

(a) Find the minimum possible value of the total area of the two shaded squares.
4 Justify your answer fully.
(i) How many stages has the point completed when the total distance it has travelled, along

its path, is 7-9375 units?




Reasons to Pay Attention to Spatial Reasoning in Mathematics:
5. Examinations

. . 1 L
. The graph of the symmetric function f(x) =—=—=e 2" isshown below.
Functions Ve
YA

-

Find the co-ordinates of A, the point where the graph intersects the y-axis.
Give your answer in terms of 1.

Below are three containers, labelled 1, 2, and 3.

Water is poured into cach container at a constant rate, until it is full. T'he diagram below shows the graph of the function f :x+>sin2x. The line 2y =1 is also shown.

1 2

The three graphs, A, B, and C, show the height of the water, /1, in the containers after time 1.

On the same diagram above, sketch the graphs of g: x> sinx and h: x> 3sin2x.

) ) ) ) ) Indicate clearly which is g and which is A.
(a)  Write A, B, and C in the table below to match each container to its corresponding graph.

Container 1 2 3

Graph




Reasons to Pay Attention to Spatial Reasoning in Mathematics:
5. Examinations

Mary threw a ball onto level ground from a height of 2 m. Each time the ball hit the ground it

N u | I I b e r bounced back up to j of the height of the previous bounce, as shown.

2m

A complex number z has modulus greater than 1. l /\/\
The three numbers z, z°, and z’ are shown on the Argand diagram.

0 Bounce

One of them lies on the imaginary axis, as shown.
(a} Complete the table below to show the maximum height, in fraction form, reached by the ball

(i) Label the points on the diagram to show which point on each of the first four bounces.

corresponds to which number.

Bounce 0

(ii) Find @, the argument of z. Height (m) ‘T

These individual mobile phone boxes will be shipped in a large rectangular box.
Below are diagrams of the nets of two large boxes that could be used, Box A and Box B.

Box B

In the remainder of this question, R = 12 cm. Water is poured into both the cylinder and the B 10 em -
sphere to a depth of 6 cm as shown below (Figure 3 and Figure 4 respectively). ’ ¢

(i) Find |AB]|, the radius of the circular surface of the water in the sphere (Figure 4). ; —
Give your answer in the form avh cm, where a,b € N. i i 39 em

Figure 3
Figure 4

(i) Show that Box A and Box B have the same volume.
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