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Introduction to limits
1 1 1 1 1 1

Consider this sequence of numbers: 5, 1, =, ==, =
If we add the first two numbers, we get %. If we add the first three, we get %.
If we add the first six numbers, we get ‘—3.

Notice that the more terms we add, the closer the result gets to 1 but it never reaches 1.
In mathematics, we say that the limit of the sum of these numbers is 1.

We will now take the function f(x) = x? and consider its value as x approaches 3 from below
and above 3

@ f(2) =4; f(2.5) = 6.25 £(2.75) = 75625 ; f(2.9) = 841 ...
@ f(4)=16: f(3.5) = 1225 f(3.25) = 10.5625 ; f(3.1) = 9.61 ...

As x gets closer to 3, the value of x? gets closer to 9.

9 is said to be the limit of f(x) = x? as x tends to 3. Limit notation
This is written as lim (x?) = 9. lim f(x) = p
X—

states that f(x) approaches
p as x gets close to a.
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In general, to find the limit of f(x), we substitute
X—dl

a for x in the function.

3x+2_32)+2_ 8 4
Forexample, lim = =" =74 “6~ 3

2 _
Now consider lim % 9.

—3x—3

. 9-9_0
When we substitute 3 for x, we get 330

The result % is known as an indeterminate form as its value cannot be determined.

If after substitution the result is g, some other method must be found to obtain the limit.

The most common method used involves factorising the numerator and denominator and
then dividing by the common factor.

—9 . (x+3)x"3)
=m0

1

.ox2
Thus, lim
x—3

T3 =Jler3(x+3)=6.

2 _
Note: It is important to realise that if f(x) = 'E: — 39,

then f(3) does not exist,

but the lin% (x) does exist.
X—
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(Example 1 )

R S | o X2+ x—6
Evaluate (i) 112(1) 35c T3 (i1) :lcl—}n% ——5

X-0 2(e) 412 3

G Line: X2aX =L = fn ()X 43 )

' X>1 X ¥oL X=%

Chmlt Sub Wt 2 .
becanse  £(2) = fwn (X—t—'L) = 243 =%
obequt exisl ! X272
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2
(i) lim > +*¥—=06
=2 X=2 disconhnuous
becaunse Uk doesn't
exist for all
X Vodues,

Note: this grapl. is
Swmilar shepe to
goeo=- x-3
exayk1%koﬁkw¢hd§7

Limit of a function as x — o

In the example above, we investigated the limit of a function as the variable tended to a fixed
number. Now we will examine the limit of a function as the variable tends to infinity.
We use the symbol ¢ to denote infinity.

Now consider lim (l)
x—m |\ x

—qol_1_ - 1__1 _
When x = IO.I 10 0.1. When x 1000,x 1000 0.001.
_ 1_ 1 _
When x = 1,000.000,)( 1,000,000 0.000001.
These examples illustrate that as x increases,
the value of % decreases and in fact tends to zero. Pg}n% =0

If the numerator is any fixed number k, the '!51; % is also zero.

Since lim L = 0,it follows that lim 4 =0 and lim % = 0, where k € R.
X—% X X6 x x5 X
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{ Example 2 )

Evaluate (i) }% %%% (ii) }EI}O %
TRick muttiply (i) = Qi e ()
lo ? _(:Lx_) X=20 X (Q—Y +2)
(%) - X
Line 1 = () X=ped 2+ 3% SNl
bn 2 =0 >
X X

rick mukdifly. by s @) = L a3 +4)
L 17 X2 L (ex*+4x-32)

= fim 2~ 2y + Y2

X=00 5 + Y4 —3/x>

s

= 3 —o+o0 = 2
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