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Integration

Section 4.1 Introduction to Integration
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CExampIe1 )
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In general, fx"dx=:—++c,n¢ =il
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Find (i) [(3¢ + 4x + 5)dx
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(ii) [(2x — 1)2dx.
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(Example 2 )

Find (i) f X7 — AX g,

Revvike. as '-| noumial
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1,dwrote b
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L+ E) dr (i) fﬁ(x + 4)dx
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Finding the constant of integration

Each of the examples above contain an arbitrary constant c.

This arbitrary constant is generally called the constant of integration.

This constant of integration can be found if further information about the function is given.
This is illustrated in the following example.

CExampIe 3 )

A curve with equation y

If £'(x) = 32

Given F (’-) =0

= % find f(x).

= f(x) passes through the point (2,0).

foo = [(a —f)an
=[G —x72) ax

= & - X
3 =

+c

fy= x3+x" +c

fe = (2)? + (a.) =0

D 845 +c=0

Fody = x3 + x

[
= c-s-—}_
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Exercise 4.1
1. Find each of the following integrals:

(i) [rdx (i) [dv i) [(3x2 + 4x) dx
mcrease e poces b
| diviels. by ‘r:n nast fXU(M = X* +c

+C Y

pou-w-

[X1M = ’L_: fc

3 +4x* +c
= 2

>
x
~
.\.
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~
Y
)]

= X* +axr4c

1. Find each of the following integrals:

(iv) [-2:¢2dx (v) [3dx (vi) (=2 +3)dx

f’J—x"abx = -2x*® tc
>3

[3ax = 3x+c

J(-x*+2)ax =  —X3 +2x +<
3
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1. Find each of the following integrals:

(vii) [(4%3 + 6x) dx (viii) [@2—3c—1)de  (ix) [12y2dy

f(‘#x’-i- bx)olx = gx* +x* +c
lucraau‘lhfova, (7 >
%

diytele
lpai# bt-:? = X%+ 3x* +c¢

f(a.x"- “3x-\)olx = 2x% - 3% —[xtc
3 z

fl:-?“d? = 2y? +c

3

= ‘-1-7.3 +c

Section 4.2 Integrating exponential and trigonometric
functions
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(Example 1 )

Find the antiderivative of each of the following:

() [erdx (i) Jie +6x)dx (i) [e¥+2)dx  (iv) [(er + e ) dx
1) fe,g"aw - -‘3;63" +C
INTE GrA100)
ax L .ax
€ = e (@ f(e""-!-éx)abk = 2’;6"" +6X" +c
o
X = o¥ = e +3x +cC
@ | [(e™ +a)ax = Le™ +ax +c
G | [(eX+eMax = & + &7 +c
= e - +c
(Example3 )
Find (i) [cosdxdx (ii) [sin3xdx.
Poreiabeys e
,ﬁﬁ %—— Sindx XInN
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2 oS 2x
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Rule ' NTEGRAT, o
CoSax — & Slnax

Sinax —-L cosax

Xjearn Hose recuds !

Q) fCOS‘H(ﬂ(AC = ‘#S‘f-\‘l—x +C

(i) fg,',\gx Ay = -HosBx +c
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(Example 5 )

Let h(x) =xInx, x € R,x > 0.

(i) Find 7'(x).

(i1) Hence, find flnx dx.

Differehste (i)
Product  Pure
Infegyote (ii)

ho) = X bux Iﬁ.dm-d;.,.c
hoy= x (%) + 1 (Bx) L }.-na;m
Wy = |+ Lax

J(+lax )otx = xtux +C
X-I-fluxobx = X lax +C

[laxot = X fuy =% +c

S.

(1) f3005 6x dx

(i)
In
(oS ax = é’Sl‘/\M

Integrate each of the following:

(11) f(cosZ.\'—sinS.\')d.\‘ (111) f3cos(—9.\')d\‘

f? o3 C——‘Tx)m
= 3(L)sh (-ax) +C

=_1 sin (%) +c
3
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14. Let f(x) = 2xe".

(1) Find f'(x).
(1) Hence. find f2.\’c"‘dr.

Differevtiote. ()
Ceaer Rue

DIFFEABAT ATE
eX —s e

Integtute ®

indesroree
e =€

F(x) = 2x&
Froc) = 2x(er) +a(e)

f(fﬁ’ +de* oy = Ane* +C
2xe* +c

fﬂ-xe"obx + 2e*¥ =

[axeXax = dxex - 2e* +C

15.
Hence. find f.\‘ cos x dx.

Step | : Diffecoutivte.
PlooueT Pure

DIFFERENTIATE
SlaX —3 Cof X

Sf-rz : In-k-rw't
u(hlﬁaﬂ»( of deriyotive

=fw«¢h‘oul +c

INTEGRATE

Siax — —Cos5X

Given f(x) = xsinx. find f'(x).

F(x)= Xsirx
-F'O() = X(cos%) + 1 (sinx)

P/o) = XCosx + Sinx

INTEGRAL ©F DERUATIE = FaunTiom + ¢

f(xcdx-; Sl'nx)dzx= XSinx +¢<

rxcesxd/y —CosSX = XSinx+<

fx coSX oy = XSinX +coSX +C

| FLunCTI 0N '
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Section 4.3 Applications of integration
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(Example 1 )

A body moves in a straight line.

At time ¢ seconds, its acceleration is given by a = 61 + 1.

When t = 0, the velocity of the body is 2 m/sec and its displacement from a
fixed point O is 1 metre.

(i) Find expressions for v and s in terms of 7.

(ii) Find the velocity of the body after 4 seconds.
udogba, ? A= &t +!
V= f(eu. ok
v=[aax )
= L rE +c
=
U = 3¢ +64cC
Whet, t=0 | y= Jus 2 = 3(:) + (o) +c =

-_ T e‘-q 2 =
v 2€t +E 42 2 V= @)+ 4+ =5%nis

S= fvwc S= [(E +b+2) ok = B L€ +2kkc
2z
3= 3+t + 264
M =0 ,C" [ e Il = &% o7-/,-,_+z_(e).|—¢ = [c;-ll

S= E* 45"+ 2¢€ +1
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3. The acceleration of a body is given by a = 6r — 12.

(1) Find the velocity v in terms of ¢, given that v =9 when ¢ = 0.
(i1) Find the displacement s in terms of 7, given that s = 6 when = 0.

(111) Find the values of

t when the body is at rest.

A= 6t -1z

V- fask Q| v= JCet-2)ot =26 —12¢ +c

o z
1= o - |2{) +<C 5 c=9
wheon V=19, =0 I
= 3€* — 12k +9
S= fvwl: (i) S=f(?e“ —2k +9)olk = BE'-9aE 1 +<
x Z

whe s=6 , k=0

) i
ﬂodvakﬂtse
= V=0

(il'l')
, €7

AR
éz

03_ 6(9)1 +9() +c = c=¢

S -CE* + Qe+ ¢

V= 3¢t -126+9 =o
2 -4t ¥3 =0
(k-3 )E—1 )=
6=_,_<, S ok 6;, s .

Section 4.4 Definite integrals
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CExampIe 1 )

Evaluate (i) fL%K

th'fS
@O

Definite lukvfal

(ii) j: (2 — x + 3) dx (iii) f4 9%dx
f: 3x ¥olx
[2 ],

= (@) = (©P=c)
= §+z -o L

= 9
[l & = [T x4

i [(*) I =[2r]q

= (28)-(26) = 6-4¢ = 2

2
1. fl 6x dx

Deffm'ée. i'ﬂkaﬁl

3
2. fl (3x2 — 2x) dx

[P exax - oL
- (3 (1,)7') —-(’SC')")

= 12-3 =9

.l /f@— Ex

n

4l

3. /:4 (3x2 —4)dx

10
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Section 4.5 Finding areas by integration

2x

Aves. = (Bx

fo)

The area, A, of the region y
between the curve y = f(x) y = f(x)
and the x-axis between the
lines x=a and x =b is
given by A
b >
A= f F(x) dx (0] a b X
a
b
When using f ydx to find the area between a
a
curve and the x-axis, the areas of the regions above Y4

and below the x-axis must be found separately.

b
If b > a, the value of f ydx will be positive if

the area enclosed is above the x-axis, and negative
if the area is below the x-axis.

If an area is —16, we take the absolute value, 16,
to be the area.

ol/

11
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Area between a curve and the y-axis

If we require the area between a curve and the y-axis, yA x=f(y)
the function must be written in the form x = f(y).

The area of the shaded region between the curve and b

the y-axis between the lines y = b and y = a is given by: A

a
Area between a curve

b
Area A =f xdy

and the y-axis 0 X
If the region is to the right of the y-axis, the area is positive; VA
if the region is to the left of the y-axis, the area is negative.
+
Areas to the right and to the left of the y-axis must be found

separately and then added. i
r—

CExampIe 1 )

Find the area of the shaded region shown VA v=1x2—4
in the given diagram. '
Ateg
1
Q%z 4 x
0, —4) Areal
Aseo | + Avea 2
A= j\L{oZ)M Aeea = J‘i(x"-q)dm + r' (x*-4)bx
—Ja- T | 2
5o b5
l[ 5 ¢ | = Ux X
s 2
-| (5 - s6)- ()| +[( £ - w0)-(% -46)

12
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Area between two curves

The given figure shows two curves y = f(x) and
y = g(x) Intersecting at the points where x = a
and x = b.

b b
The shaded area = f g(x)dx — f f(x)dx

CExampIe 2 )

line y=x— 1L

Uints 7 Indegsechion?
Liniks ore x=143

heea betean  Cues

E{'Gm— 160)‘14]

InTeglate

ENoAwaote

Find the area of the region bounded by the curve y = —x? + 5x — 4 and the

X—=1 =-%X* +5x - 4

X*—4x +3=0

(X—3)x —t )==
X=2, X=1I

k= [[(-+5x-4)- (-)] ax

= [* (=¥ +4x - 3)ax

<[ X3 4SuUx* -3><]?
2 =z \

=%

Z
= ( T ‘%1 + 2(3)*-3CG )) - (‘ L%_‘ '*2")1'3"))
3

13
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Find the area of the shaded region in numbers (1-8):

i ' %

y =x3 — 6x?

6. Va

VA y
+ & ’ )

O ’ o)

(

b.
A- ﬁ £6) oy

lv\l%wﬁ -l

=y

=y

9) 1 2 3 4
-F(x>=67<=x‘i
b 5 %4 4
pfie
zxs,i]‘l
2 )

gx)y=x2+x+17

the two curves.
linbs T intepsaction?

LIPAITS:?
theea bebiden, Cupuies
/’r=ﬂ' (£60 -760)M

The functions fand g are defined for x € R as,
f(x) =2x* = 3x + 2 and

(i) Find the coordinates of the two points where
the curves y = f(x) and y = g(x) intersect.
(11) Find the area of the region enclosed between

Zx? - ?x+2 = X*+X+7F
CX—s)SOH ) )=o0
X=¢ , x==I
A= £ ’5[(ﬂ1—3x+2)-(x‘+x +4):|aw
= _I_\' (X*= G435 )obx
'[ ’S— ZWX" S'x]s-
= [ (5)3 2(5) —S(s)] {él)3 2 ()= S(-l)]

= 30 unit*

14
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Section 4.6 Average value of a function

A’MN}L Y- Valize

=20 Y M-y_?
v

» S
o -

i

a = )

A= [° fom

(bt - o5 Jrewen]

YA

The average value of a function f(x) over the interval [a, b] is

[ foya

15
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(Example 1 )

The graph of the function, f(x) = x* —
Find the average value of the function

for 1 =x<4.

Avetasr =
e = e ), * foma
b-a= 4-1 =13
Infeatote
e lowpduote

4x + 5 isshown. ¥4 flx)=x2—4x+5

0(;?@)7

b
Aw.... __ﬂ' (X*=4x +5 ) dx

- L% o +'>'><]"
> > 7z 1

= 4:[( 9_; - 7-(~)'“+s(q))—(%—z_6)+r(n))]

2

CExampIe 3 )

The average value of the function
Find the value of k.

Antay-- f ftodx

b-a = K-

1l (k1) = [ Z_;g: +‘3x:{'<

fx)=2x+3 for I<sx<kisll
k
[ = ELJ" (2x+2) dn.
-
{

Uk=21 = ( k+3K)-(17430)
(| k=1l

K* +2x + ¢
K*¥—3k+7F =o

(k = F)(K-1)=o

K=3% o K=
f‘ju-.é-

S5 k-3

16
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Syllabus

- recognise integration as
the reverse process of
differentiation

- use integration to find the
average value of a function over
an interval

Maths Tables

integrate sums, differences and
constant multiples of functions of
the form

e ¥ whereacQ

* & wherea€ER

* Sinax, where a€R

* Cos ax, where a€ER
determine areas of plane regions
bounded by polynomial and
exponential curves

Integration
Constants of integration omitted.
f@) [ f@yax
1 Injx]
x
COS X sin x |
tan x In|sec x|
1
—— (@>0) ' X
. @>0) Lon
x“+a a a
Cos ax —> A— Sin ax
— L cosax

Sin o —
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